We discuss solutions of the heterotic string theory which are analogous to bosonic and superstring backgrounds related to coset conformal field theories. A class of exact 'left-right symmetric' solutions is obtained by supplementing the metric, antisymmetric tensor and dilaton of the superstring solutions by the gauge field background equal to the generalised Lorentz connection with torsion. As in the superstring case, these backgrounds are α ′ -independent, i.e. have 'semiclassical' form. The corresponding heterotic string sigma model is obtained from the combination of the (1,0) supersymmetric gauged WZNW action with the action of internal fermions coupled to the target space gauge field. The pure (1,0) supersymmetric gauged WZNW theory is anomalous and does not describe a consistent heterotic string solution. We also find (to the order α ′3 ) a two-dimensional perturbative heterotic string solution with the trivial gauge field background. To the leading order in α ′ it coincides with the known SL(2, R)/U (1) bosonic or superstring solutions. This solution does not correspond to a 'heterotic' combination of the left superstring and right bosonic L 0 -operators at the conformal field theory level. Some duality properties of the heterotic string solutions are studied.
Introduction
Finding exact (all orders in α ′ ) solutions of string theory is a complicated problem. Not only do the string equations contain terms of all orders in the number of derivatives, but also the explicit form of these equations ('β-functions') or the corresponding effective action is not known explicitly. A possible strategy to find exact solutions is to first determine the leading order form of it and then identify a conformal field theory which generalises it to all orders. This program can be implemented for a large class of solutions corresponding to coset conformal field theories [1] which have a Lagrangian description in terms of gauged WZNW theories [2] [3] [4] . Once the existence of a sigma model description for a given coset conformal theory is established by considering a weak-coupling limit [4] [5] one can employ an 'operator' [6] [7] [8] [9] [10] or 'field-theoretic' [11] [12] [9] approaches to compute the exact form of the sigma model couplings. While in the bosonic case the leadingorder ('semiclassical') solution is modified by α ′ corrections, in the (1,1) supersymmetric (superstring) case the exact solution coincides with the semiclassical one [7] [8] [9] .
The (bosonic) solutions corresponding to the coset c.f.t.'s provide the first known examples of exact string backgrounds that depend non-trivially on α ′ . It is quite remarkable that the properties of the leading order and exact forms of the solutions may be quite different. For example, the causal structure of the exact SL(2, R)/U (1) solution [6] is different [8] [13] [14] from that of the leading order one [5] ; in particular, it was claimed [14] that the exact Minkowski background can be represented in such a way that it does not have the 'black hole' singularity. One may try to interpret this example as an indication that the string α ′ corrections may remove the singularities of the Einstein theory solutions.
One should, however, be rather cautious about the physical relevance of the α ′ corrections in the present context given that they are absent in the superstring case: the exact solution in the (1,1) supersymmetric model still has the leading order 'black hole' form [7] .
This raises the important question of whether the α ′ corrections are actually present in the more 'realistic' heterotic string case [15] . In this paper we are going to address this question by discussing a generalisation of the 'operator' and 'field-theoretic' approaches to derivation of the exact form of the coset-type solutions of the heterotic string described by (1,0) supersymmetric sigma models (for previous discussions of the heterotic string in this context see [16] [8] [17] ). The leading-order form of such heterotic string solutions is the same as in the bosonic and (1,1) supersymmetric cases. A suggestion of how to find the exact form of the solutions by directly combining the supersymmetric left and bosonic right sectors in the conformal field theory stress tensor was previously made in [8] with the conclusion that the semiclassical solution, as in the bosonic case, should be modified by corrections of all orders in α ′ or 1/k. As we shall explain below, the approach of [8] does not seem to be consistent with the perturbation theory analysis (similar to the one carried out for the bosonic and supersymmetric cases in [18] [7] ) as well as with the Lagrangian approach based on a gauged WZNW theory (which is anomalous in the chiral (1,0) supersymmetric case).
We shall find that a consistent solution exists if one identifies the heterotic (1,0) sigma model with the supersymmetric (1,1) one by introducing the target space gauge field equal to the Lorentz connection. This is equivalent to a particular example of constructing a leftright symmetric solution of the heterotic string from a solution of the superstring theory [19] [20] [21] . As in the superstring case the leading-order solution is then not modified by α ′ corrections. If, instead, one sets the gauge field to zero the leading-order solution receives perturbative corrections to all orders in α ′ . It is not clear, however, how to sum them to an exact form since in this case the identification of the corresponding conformal field
theory remains an open problem.
As in the (1,1) supersymmetric case the simplest problem is to try to find the analog of the D = 2 bosonic SL(2, R)/U (1) solution [4] [5] . One can solve the corresponding 'β-function' equations order by order in α ′ determining the corrections to the leading-order D = 2 background of [22] . In Sect.2 we shall repeat the analysis of the D = 2 solution of the 3-loop 'β-function' equations (carried out in the bosonic case in [18] and in the supersymmetric case in [7] ) in the heterotic string case. The solution we shall find will be different from the background which corresponds to the 'heterotic' coset c.f.t. construction suggested in [8] .
In Sect.3 we shall address the problem of constructing a consistent heterotic string solution with a clear c.f.t. interpretation: its non-trivial part will be described by the (1,1) superconformal G/H coset theory. We shall use the Lagrangian approach presenting a 'heterotic' analog of the gauged WZNW model. The direct (1,0) supersymmetric truncation of the (1,1) supersymmetric gauged WZNW theory [16] is found to be anomalous and does not correspond to a consistent heterotic string vacuum. The world sheet anomaly can be cancelled out by introducing the coupling of the 'internal' (1,0) spinor superfields to the target space gauge field which is equal to the coset model related Lorentz connection with torsion. We shall first discuss in some detail the quantisation of the (1,1) supersymmetric gauged WZNW model (using the manifestly supersymmetric approach of [9] ) and then demonstrate that its (1,0) supersymmetric truncation is not gauge invariant at the quantum level.
Some duality properties of the exact SL(2, R)/U (1) heterotic solution will be studied in Sect.4. We will demonstrate that not only the axial-vector duality relating the axial coset model SL(2)/U (1) a to the vector one SL(2)/U (1) v is an exact symmetry of c.f.t and string theory (as was shown in [23] ), but here it also relates one exact heterotic string solution to another exact solution when acting on the curved background matrix by a fractional linear transformation as in [24] [25] . Moreover, acting on the background matrix as in [24] [26] [25] the full O(1, 2) rotations generate exact backgrounds from exact backgrounds.
D = 2 perturbative solution and comparison with 'heterotic' coset conformal field theory construction
Let us first review the structure of the heterotic string sigma model and the corresponding β-functions and effective action. In terms of (1,0) superfields we have [27] [28]
The 'external' world sheet (or, equivalently, target space) chiral anomaly can be cancelled by making B µν transform under the target space gauge and Lorentz transformations [28] .
This implies that the corresponding conformal anomaly coefficients and the effective action which generates them should depend on the antisymmetric tensor field strength in gaugeinvariant combination with the Yang-Mills and Lorentz Chern-Simons termŝ
If the gauge field A µ is equal to the connection with torsionω µ (assuming that the Lorentz group can be embedded into the gauge group [19] ) 
4)
1 It is always possible to embed the Lorentz group into the internal gauge group since the latter is big enough. There is also an important issue of modular invariance of the solutions thus obtained. This question can presumably be treated along the lines of ref. [21] .
where c vanishes at the critical dimension (but will be kept arbitrary in the context of a general (1,0) supersymmetric sigma model (2.1)) 2 . For the particular background (2.3) the action (2.4) coincides (after a proper field redefinition) with the superstring effective action. The important point is that in contrast to the bosonic case there is no explicit O(α ′3 ) term in the heterotic string effective action (2.4) [30] . As a result, there exists a choice of a scheme (or a field redefinition) in which the corresponding term is absent also in the conformal anomaly coefficient for G µν
Let us follow [22] [18] and look for a Euclidean static solution of (2.5) with D = 2 target space (times some flat or toroidal dimensions)
In two dimensionsĤ µνλ = H µνλ = 0. We shall also assume first that the gauge field is trivial, A µ = 0. Then the leading order solution of
is the same as in the bosonic and (1,1) supersymmetric cases [22] Repeating the computation of [18] for (2.7) one finds the following perturbative solution
While in the bosonic case [18] 
in the heterotic case
As was shown in [18] the coefficients a 2 and a 3 in (2.9) can be changed by a local field redefinition to
where q is arbitrary. Let us now try to use this freedom to represent the perturbative solution (2.9) as an expansion of the exact form (similar to the one found in the bosonic case [6] )
In the bosonic case one finds [6] [18]
which is consistent with [6] [18]
In the heterotic case we get
For completeness let us present the solution that can be found by starting directly with the β-function of the heterotic string sigma model computed in [34] without doing any coupling redefinition. For F µν = 0 the heterotic 3-loop β-function is given by [34] (14) of the first paper in [34] ). In contrast to the bosonic case, (2.17) does not contain the term ∂ µ R∂ ν R. As in the bosonic case, there may also be in principle the 'diffeomorphism term' D µ D ν R 2 (which is absent in [34] ). Such term, however, is not important since it can be absorbed into a redefinition of the dilaton. Starting with (2.17) we get 
In the SL(2, R)/U (1) case γ appears as the coefficient in the exact metric (2.12) with α ′ being proportional to the overall coefficient in H (we shall set b = 1)
In the superstring case k is not shifted at all, i.e.
Since γ = 0 the exact metric is equal to the semiclassical one. In both the bosonic and supersymmetric cases the left and right parts of the stress tensor are the same and the constraint (L 0 −L 0 )T = 0 (in the zero-mode sector) is trivially satisfied once the H-
The meaning of this constraint becomes less obvious when one tries to generalise this construction to the heterotic case. A guess is to take the operator H = L 0 +L 0 as the combination of the supersymmetric L 0 and bosonicL 0 operators assuming still that
21)
In the SL(2, R)/U (1) case
Let us compare this with the expression for γ in the bosonic case (2.19),
In contrast to the bosonic case, the leading term in the heterotic γ is factor of 2 smaller and γ does not contain the α ′2 correction. This is reminiscent of similar differences in the structure of the bosonic and heterotic effective actions. However, though the leading term in γ is indeed in agreement with the perturbative solution (2.13),(2.15) found above, the 4 Our expression for the 'heterotic' H is different from the one suggested in [8] where the shifted k + 
are in any case in disagreement with the perturbation theory result for the corrections to the leading-order solution.
absence of the α ′2 -term in γ is in contradiction with the perturbative solution. As it is clear also from (2.15 ′ ), p 2 does not vanish for the values of s quoted above. This suggests that the naive 'heterotic' construction of the coset conformal field theory does not actually work.
In the above discussion of the perturbative solution we have assumed that the gauge field background is trivial. There should exist also the heterotic string solutions with nonvanishing gauge field backgrounds. One obvious possibility is to set the gauge field equal to the Lorentz connection returning effectively to the (1,1) supersymmetric superstring case.
Such solution will have a simple c.f.t. counterpart with the H-operator of the conformal theory being equal to the one in the supersymmetric case (2.20) . Therefore, the exact heterotic string solution will be given by the semiclassical background (2.6),(2.8) and the abelian gauge field 1-form
Let us note that this solution is different from the perturbative charged black hole solution of the D = 2 heterotic string theory found in [33] . The truncation of the effective action (2.4) used in [33] corresponds to treating the gauge field term on an equal footing with the α ′ terms in (2.4) while dropping out all other terms of higher orders in α ′ . At the same time, the (1,1) supersymmetric solution based on identifying the Lorentz connection with the gauge field (2.3) is exact because of the cancellation of all higher order gravitational corrections against the gauge field dependent ones. While higher order terms in the superstring effective action or in the β-functions are known to be present for a general background [37] they actually disappear (in a particular scheme) for the backgrounds corresponding to coset the c.f.t.'s [7] [8] [9] .
Exact solutions based on 'heterotic' gauged WZNW theory
Below we shall consider the construction of the left-right symmetric coset-type heterotic solutions using the field-theoretic or Lagrangian approach. The basic element will be the (1,0) supersymmetric analog of the gauged WZNW model. Let us start with a review of the manifestly supersymmetric approach to the quantisation of the (1,1) supersymmetric gauged WZNW model which was suggested in [9] . The superfield form of the (1,1) supersymmetric gauged WZNW action iŝ
where the gauge superfieldsÂ,Â take values in the algebra of the subgroup H. The supersymmetric versionÎ(ĝ) of the ungauged WZNW action I(g) is obtained by replacing the group field g by the corresponding superfield and
ParametrisingÂ andÂ in terms of the superfieldsĥ andĥ from Ĥ
we getÎ Here the functional measure includes a gauge fixing factor and J stands for the product of Jacobians of the change of superfield variables fromÂ toĥ and fromÂ toĥ. While in the bosonic case the corresponding product (regularised in the left-right symmetric way)
is non-trivial and leads to the shift of the coefficient −k → −k − c H of the H-term in the action [3] (c H is the value of the second Casimir of H), in the (1,1) superfield case each of the Jacobians is proportional to a field-independent factor. In fact, as in the bosonic case, the Jacobian of the changeÂ →ĥ can be expressed in terms of the path integral
where U and V now are the (1,1) superfields of opposite statistics. Rewriting the action in (3.8) in component fields and integrating them out it is easy to see that this Jacobian isÂ-independent: the non-trivial contributions of the bosonic and fermionic determinants are equal and cancel each other. The theory can thus be represented as a 'product' of the two (1,1) supersymmetric ungauged WZNW theories for the groups G and H with the levels k and −k. As discussed in [9] this implies that there is no finite renormalisation of k in the corresponding quantum effective action which is thus equal (up to unimportant field redefinition) to the classical action. Therefore, the expression for the exact background coincides with the leading order one without any α ′ correction.
It is instructive to reformulate the above discussion in terms of the component fields.
Let us recall that the ungauged supersymmetric WZNW theory kI(ĝ) can be represented as the sum [39] of the bosonic WZNW action with shifted level k − .7) is
. Up to the free-theory factors, the resulting theory can be represented as the 'ratio' G k− 
10) 12) or after integrating over the fermions and changing the variables from A,Ā to h,h
The fermionic path integral (regularised in the left-right symmetric way) gave the following contribution [46] [47] [48] [
(3.14)
The path integral (3.13) becomes equivalent to (3.9) if k in (3.10),(3.13) is replaced bŷ 
is equivalent to the one suggested in [16] as an action of the heterotic string in a background corresponding to a G/H 'coset' conformal field theory.
The theory described by (3.15) is not, however, well defined: since the dynamical 2d gauge field A m is coupled only to the left fermions the resulting path integral is anomalous 5 .
5 It is the target space anomaly that can be cancelled out by modifying the transformation rule of the antisymmetric tensor field in the standard (1,0) supersymmetric heterotic sigma model (2.1) [28] . Here, however, it is the 2d gauge symmetry corresponding to a dynamical gauge field A m that is anomalous.
In fact, if one replaces the action in (3.12) by (3.15) , changes the bosonic variables and integrates over the fermions ψ + , ψ − (but does not do gauge fixing) one finds (cf. (3.13))
In contrast to the result in the left-right symmetric superstring theory (3.13) this path integral is not gauge invariant 6 . If one still formally integrates over A andĀ (or h andh)
one obtains an action for g which cannot be reduced to a sigma model action with G/H as a target space because of the lack of gauge invariance. Thus the action (3.15) does not describe a consistent heterotic string background.
A similar conclusion is reached if one starts with the manifestly (1,1) supersymmetric action (3.1) and truncates the superfields to (1,0) superfields (adding also some internal
(1,0) superfields Ψ I as in (2.1)). The resulting action iŝ
whereÎ ′ denotes the (1,0) supersymmetric WZNW action (see e.g. [49] [50]) 18) and
We have included the coupling of the internal fermionic superfield to some background target space gauge field A I Jµ (X) which may depend on some combinations X µ of the (1,0) superfieldsĝ,Â,Â. Changing the variables as in (3.7) we get the following path integral
)} , (3.20) 6 The anomaly is absent if c G = c H . Recall that this anomaly is found after using as a starting point the action (3.15) where the fermions are in G/H and not in G.
where J ′ is again the product of Jacobians of the two changes of variablesÂ →ĥ and A →ĥ. As in the (1,1) case (3.8) these Jacobians can be represented in terms of the path integrals with the (1,0) superfield actions (U and V have the same statistics whileŪ and V have the opposite one)
Re-writing these actions in terms of component fields it is easy to see that the first Jacobian is essentially the same as in the bosonic case while the second is still trivial as in the (1,1) supersymmetric case. As a result,
There is also an extra anomaly term originating from non-invariance of the path integral measure under the (1,0) superfield rotations:
As in (3.16), the total anomaly cancels out if c G = c H .
7
The correspondence with (3.16) can be traced more directly as follows. Let us start with (3.22) and integrate over the fermionic parts ofĥ −1ĝ andĥ (or, equivalently, ofĝ and h), treatingh as a bosonic background. Then we will get an extra term +
in the exponent in (3.22) . Supersymmetrising this term and combining it with c HÎ
7 This may imply a possibility to get a consistent topological theory in the case when H = G.
G/G models can be viewed as the infrared (strong coupling) limit of gauged WZNW models allowing a kinetic energy term for the gauge fields. The case G = U (1) can be followed for all values of the coupling. Gauging an anomalous U (1) [51] results, in the A 0 = 0 gauge, in having massive particles not obeying relativistic dispersion relations as well as having massless chiral fermions. In the strong coupling limit the massive sector decouples leaving just a topological theory and a massless fermion. The remaining sector does not have enough structure in order to be able to inquire about unitarity and Lorentz invariance. Thus a chiral gauging may be possible in general for G/G models.
(using the superfield version of the Polyakov-Wiegmann relation [46] [38] and dropping local terms) we get (cf. (3.16))
We conclude that the naive (1,0) supersymmetric version of the gauged WZNW theory with decoupled internal sector (i.e. a zero target space gauge field) does not describe a consistent heterotic string background. This is related to what we have found in Sect.2:
the naive 'heterotic' construction of the coset c.f.t. operator (2.21) which seems to be equivalent, at the Lagrangian level, to the direct (1,0) supersymmetric truncation of the gauged WZNW theory does not correspond to a perturbative solution of the heterotic string field equations.
In view of the discussion in Sect.2 a natural possibility to obtain a 2d action describing a consistent heterotic string solution is to introduce a target space gauge field background such that the resulting 2d theory becomes effectively (1,1) supersymmetric and thus anomaly free. In this way any exact superstring solution corresponding to a (1,1) supersymmetric coset c.f.t. or (1,1) supersymmetric gauged WZNW theory will generate an exact solution of the heterotic string theory. If one takes the internal fermions ψ I − in (3.15) to belong to the tangent space to G/H and couples them to a background field A µ such that the corresponding 2d gauge field A = A µ ∂x µ is equivalent to A then (3.15) becomes identical to the (1,1) supersymmetric action (3.10). The role of the coupling of the internal fermions to an appropriate A is to ensure that their contribution cancels the total 2d gauge anomaly.
To formulate the resulting model in a more precise way let us first make the following comment. As in the case of the bosonic and (1,1) supersymmetric gauged WZNW models In the manifestly supersymmetric formulation (3.17) the second option corresponds to coupling Ψ I to
whereÂ class is the value one finds by solving the classical equations for the action (3.17) 
Since the gauge field background is chosen to be such that the 2d gauge anomaly cancels out we can fix the gauge by restrictingĝ to G/H (the corresponding coordinate (1, 0) superfields are X µ ). Then (3.24) reduces to 9 . Identifying the gauge field A with the connection with torsion corresponding to G µν + B µν (3.3) one finally gets the (1,1) supersymmetric sigma 
where f ABC are the structure constants of the group G. 
The role of the gauge field background is effectively to convert the right part of the stress tensor operator into the supersymmetric one, making the background metric corresponding to (3.30) exactly equal to the leading order one. This is consistent with what one finds from the perturbation theory analysis under the identification (2.3).
There are, however, other heterotic string solutions for which a conformal field theory interpretation is not obvious. In Sect. and 'right' conformal theories being the same) other possible solutions (e.g. with vanishing gauge field or non-trivial antisymmetric tensor) which should certainly exist as it is clear from the perturbation-theory point of view cannot be readily described in c.f.t. terms 12 .
Exact duality in SL(2)/U (1) heterotic background
In this section we shall discuss the target space duality relating the axial U (1) gauging of SL(2) k to the vector gauging in the case of (1,1) symmetric heterotic solution of the previous sections. It can be shown (along the lines of ref. [23] ) that this duality is an exact symmetry of c.f.t. and string theory corresponding to a residual broken gauge symmetry.
In the bosonic string it relates (either at the sigma model level to the leading order in α The extension of the results of [23] to the heterotic string is immediate because the gauge symmetry relating the axially gauged abelian coset to the vectorially gauged coset acts as a Weyl reflection either on the chiral current or the antichiral current. For the heterotic string at the SL(2) point, a Weyl reflection of the antichiral currentJ in the bosonic sector will, therefore, generate a duality symmetry along the line of JJ deformation. At the boundaries of the deformation line this symmetry gives rise to the axial coset and vector coset duality.
For the axially gauged bosonic SL(2) k /U (1) a euclidean model one gets (to leading order in α ′ or in 1/k) the following line element and dilaton (cf.(2.6),(2.8))
In (4.1) θ is periodic with periodicity 2π, and φ 0 is a constant. Here r = x/ √ k = bx where x is the coordinate in (2.6),(2.8) and
In what follows we shall use the notation of [24] and [25] . We refer the reader to these references for more details.
As discussed above, the background (4.1) corresponding to SL(2) k /U (1) a with a gauge field equal to the Lorentz connection is an exact solution of the heterotic string theory.
The non-trivial part of the background which transforms under the duality is encoded in the 2 × 2 matrix with θ, θ I components, where θ I is the internal coordinate corresponding to the embedding of the U (1) connection in the internal gauge group (see [25] for more details).
The relevant block E of the background matrix is therefore
Here A θ = ω r θ = −1/ cosh 2 r. We did not correct G θθ by adding A 2 θ -term as is usually done; this will be discussed below.
The dual background corresponding to SL(2) k /U (1) v with a gauge field equal to the Lorentz connection is given by
3) We define the action of g on E by the fractional linear transformations:
The subgroup O(1, 2) ⊂ O(2, 2) is generated by the elements that preserve the heterotic structure of E (namely, by those which keep the (0, 1) row in E invariant under (4.7)).
A particular duality element relating E andẼ is The element e 2 e 1 e 1 e 2 in (4.8) is called the factorized duality in the θ direction [24] . It is identical to a mirror symmetry when acting on a complex torus background matrix [56] , namely, it interchanges the complex structure τ with its Kähler structure ρ.
It is also possible to relate E andẼ by the O(2, 2) element which is found from g D in (4.8) by replacing factorised duality e 2 e 1 e 1 e 2 by the full duality transformation 0 I I 0 . This ambiguity is a result of the particular structure of the heterotic backgrounds in (4.2),(4.4).
We now arrive at the important point of this section. The duality (4.8) is not only an exact symmetry of c.f.t. and string theory, but here it also relates one exact heterotic string solution to another exact solution. Combined with other generators of O(1, 2) (namely, the generators of GL(2) and Θ-shifts (i.e. constant antisymmetric tensor background shifts) that preserve the heterotic structure of E), we conclude that the full O(1, 2) rotations generate exact backgrounds from exact backgrounds 13 .
An interesting question is whether one can turn off the gauge field A with the help of O(1, 2) rotations as in refs. [25] [57] . If this were possible, this would correspond to a marginal deformation which relates the (1, 1) superconformal heterotic coset solution to another exact heterotic solution with A = 0. This observation could be useful in 13 The leading α ′ order O(d, d) rotations of curved backgrounds with d toroidal isometries were discussed in [26] [25]; in [25] [57] it was proven that these must correspond to exact backgrounds.
order to find the exact form of the D = 2 heterotic solution with A = 0 which has the perturbative expansion (2.9)-(2.11). Unfortunately, we were unable to construct such a duality transformation.
Let us also note that unlike the flat case discussed in [58] , here the duality acts as a fractional linear transformation on the metric G and not on the combination G + α ′ AA which one finds in the process of dimensional reduction. In contrast to the solutions discussed in [33] [25] here the gauge field background (2.3) is α ′ independent (note that our A has canonical dimension cm −1 ) and hence the α ′ A 2 -term in G + α ′ AA is suppressed by an extra power of α ′ or 1/k.
14 Finally, it is obvious that the discussion in this section can be generalised to the case of axial-vector duality of heterotic string solutions corresponding to (1,1) superconformal cosets G/H for arbitrary group G and abelian subgroup H (see [23] ).
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